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Web de la universidad
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Procedimiento de evaluación

Texto oficial

El 80 % de la calificación del curso se obtendrá de las entregas semanales.

El 20 % restante, se obtendrá del trabajo final.

Los requisitos mínimos para aprobar la asignatura son haber superado
(calificación al menos 5) el 60 % de las tareas semanales, y haber
entregado el trabajo final.

Adicional
Algunas semanas las entregas serán optativas.
No contarán para el 60 % obligatorio, y su resultado servirá sólo para subir
la calificación de curso.
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¿Qué es LATEX?

LATEX es un sistema de preparación de documentos, utilizado en
documentos científicos y técnicos.

LATEX ¡no es un procesador de textos!
Nos permite separar el contenido del continente,
dejando el formato a un lado.

Por eso, LATEX se escribe en documentos de texto “sin formato” con una
cabecera.
La cabecera dice cómo será el formato (tipo de letra, espaciados,
márgenes, títulos...).

David Gómez-Castro (UAM) Curso de LATEX (Sesión 1) 2024-2025 9 / 32



¿Por qué LATEX?

¿Quién lo usa?

1 Las principales
revistas del
mundo: Nature,
Science, PNAS,
PLOS, ...

2 Todas las revistas
de Matemáticas

3 Los profesores en
sus apuntes (en
la UAM y en
todas partes)

1 0  D E C E M B E R  2 0 1 5  |  V O L  5 2 8  |  N A T U R E  |  2 0 7

ARTICLE
doi:10.1038/nature16059

Undecidability of the spectral gap
Toby S. Cubitt1,2, David Perez-Garcia3,4 & Michael M. Wolf5

The spectral gap is one of the most important physical properties 
of a quantum many-body system, determining much of its low- 
energy physics. Gapped systems exhibit non-critical behaviour (for 
example, massive excitations and short-range correlations), whereas 
phase transitions occur when the spectral gap vanishes and the sys-
tem exhibits critical behaviour (for example, massless excitations and 
long-range correlations). Many seminal results in condensed matter 
theory prove that specific systems are gapped or gapless, for exam-
ple, that the Heisenberg chain is gapless for half-integer spin1 (later 
extended to higher dimensions2), or that the 1D AKLT (Affleck–
Kennedy–Lieb–Tasaki) model is gapped3. Similarly, many famous 
and long-standing open problems in theoretical physics concern the 
presence or absence of a spectral gap. A paradigmatic example is 
the antiferromagnetic Heisenberg model in 1D with integer spins.  
The ‘Haldane conjecture’ that this model is gapped, first formulated 
in 19834, has yet to be rigorously proven despite strong supporting 
numerical evidence5. The same question in the case of 2D non-bipartite  
lattices such as the kagome lattice was posed in 19736. Numerical 
evidence7 strongly indicates that these systems may be topological 
spin liquids. This problem has attracted substantial attention8 because 
materials such as herbertsmithite9 have emerged whose interactions 
are well-approximated by the Heisenberg coupling. The presence of a 
spectral gap in these models remains one of the main unsolved ques-
tions concerning the long-sought topological spin liquid phase. In 
the related setting of quantum field theory, one of the most notorious 
open problems again concerns a spectral gap—the Yang–Mills mass 
gap problem10. Proving the existence of a gap in Yang–Mills theory 
could provide a full explanation of the phenomenon of quark con-
finement. Although there is strong supporting evidence of such a gap 
from numerical lattice quantum chromodynamics computations11, 
the problem remains open.

All of these problems are specific instances of the general spectral 
gap problem: given a quantum many-body Hamiltonian, is the system 
it describes gapped or gapless? Our main result is to prove that the 
spectral gap problem is undecidable in general. This involves more than 
merely showing that the problem is computationally or mathematically 

hard. Although one may be able to solve the spectral gap problem in 
specific cases, our result implies that it is, in general, logically impossi-
ble to determine whether a system is gapped or gapless. This statement 
has two meanings, and we prove both.

(1) The spectral gap problem is algorithmically undecidable: there 
cannot exist any algorithm that, given a description of the local inter-
actions, determines whether the resultant model is gapped or gapless. 
This is the same sense in which the halting problem is undecidable12.

(2) The spectral gap problem is axiomatically independent: given 
any consistent recursive axiomatization of mathematics, there exist 
particular quantum many-body Hamiltonians for which the presence 
or absence of the spectral gap is not determined by these axioms. This 
is the form of undecidability encountered in Gödel’s incompleteness 
theorem13.

Precise statement of results
It is important to be precise in what we mean by the spectral gap prob-
lem. To this end, we must first specify the systems we are considering. 
Because we are proving undecidability, the simpler the system, the 
stronger the result. We restrict ourselves to nearest-neighbour, trans-
lationally invariant spin lattice models on a 2D square lattice of size 
L × L (which we later take to ∞), with local Hilbert space dimension 
d. Any such Hamiltonian HL is completely specified by at most three 
finite-dimensional Hermitian matrices describing the local interactions 
of the system: two d2 × d2 matrices hrow and hcol that specify the inter-
actions along the rows and columns of the lattice, and a d × d matrix h1 
that specifies any on-site interaction. All matrix elements will be  
algebraic numbers, and we normalize the interaction strength such that 

=h h hmax{ , , } 1row col 1 .
We must also be precise in what we mean by ‘gapped’ and ‘gapless’ 

(see Fig. 1). Because quantum phase transitions occur in the ther-
modynamic limit of arbitrarily large system size, we are interested in 
the spectral gap ∆(HL) = λ1(HL) − λ0(HL) as the system size L → ∞ 
(where λ0 and λ1 are the eigenvalues of HL with the smallest and  
second-smallest magnitude). We take ‘gapped’ to mean that the system has  
a unique ground state and a constant lower bound on the spectral gap: 

The spectral gap—the energy difference between the ground state and first excited state of a system—is central to quantum 
many-body physics. Many challenging open problems, such as the Haldane conjecture, the question of the existence 
of gapped topological spin liquid phases, and the Yang–Mills gap conjecture, concern spectral gaps. These and other 
problems are particular cases of the general spectral gap problem: given the Hamiltonian of a quantum many-body 
system, is it gapped or gapless? Here we prove that this is an undecidable problem. Specifically, we construct families 
of quantum spin systems on a two-dimensional lattice with translationally invariant, nearest-neighbour interactions, 
for which the spectral gap problem is undecidable. This result extends to undecidability of other low-energy properties, 
such as the existence of algebraically decaying ground-state correlations. The proof combines Hamiltonian complexity 
techniques with aperiodic tilings, to construct a Hamiltonian whose ground state encodes the evolution of a quantum 
phase-estimation algorithm followed by a universal Turing machine. The spectral gap depends on the outcome of the 
corresponding ‘halting problem’. Our result implies that there exists no algorithm to determine whether an arbitrary 
model is gapped or gapless, and that there exist models for which the presence or absence of a spectral gap is independent 
of the axioms of mathematics.

1Department of Computer Science, University College London, Gower Street, London WC1E 6BT, UK. 2DAMTP, University of Cambridge, Centre for Mathematical Sciences, Wilberforce Road, 
Cambridge CB3 0WA, UK. 3Departamento de Análisis Matemático and IMI, Facultad de CC Matemáticas, Universidad Complutense de Madrid, Plaza de Ciencias 3, 28040 Madrid, Spain.  
4ICMAT, C/Nicolás Cabrera, Campus de Cantoblanco, 28049 Madrid, Spain. 5Department of Mathematics, Technische Universität München, 85748 Garching, Germany.
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∆(HL) ≥ γ >  0 for all sufficiently large L. We take ‘gapless’ to mean 
the system has continuous spectrum above the ground state in the  
thermodynamic limit.

Here gapped is not the negation of gapless; there are systems that 
fall into neither category. We adopt such strong definitions to delib-
erately exclude ambiguous cases, such as systems with degenerate 
ground states. A Hamiltonian that is gapped or gapless according to 
the above definitions is recognized as such throughout the literature. 
We show that the spectral gap problem is undecidable even given that 
the Hamiltonian either has a unique ground state and a spectral gap of 
magnitude one, or has continuous spectrum above the ground state.

We prove this by showing that the halting problem for Turing 
machines can be encoded in the spectral gap problem, implying that 
the latter is at least as hard as the former. A Turing machine is a simple, 
abstract model of computation in which a head reads and writes sym-
bols from some finite alphabet on an infinite tape and moves left or 
right, following a finite set of rules. The halting problem asks: given an 
initial input written on the tape, does the Turing machine halt? Turing 
proved that this problem is undecidable12; we relate it to the spectral 
gap problem in the following way.

Theorem 1
We can explicitly construct a dimension d, d2 × d2 matrices A, B, C and 
D, and a rational number β >  0, which can be chosen to be as small as 
desired, such that

(i) A is Hermitian, with matrix elements in Z Z Zβ+ + β
2

;
(ii) B and C have integer matrix elements; and
(iii) D is Hermitian, with matrix elements in {0, 1, β}.
For each positive integer n, define the local interactions of a transla-

tionally invariant, nearest-neighbour Hamiltonian H(n) on a 2D square 
lattice as

† †

α Π

β

( )= ( )
=

= + ( + + + )ϕ ϕπ ( ) −π ( ) π −πϕ ϕ−| ( )| −| ( )|

h n n
h D
h A B B C Ce e e ei n i n i i

1

row

col
2 2n n

where ϕ( )= / | |−n n 2 n 1 is the rational number whose binary fraction 
expansion contains the binary digits of n after the decimal point, |ϕ(n)| 
denotes the number of digits in this expansion, α(n) ≤ β is an algebraic 
number that is computable from n, Π   is a projector and the daggers 
denote Hermitian conjugation. Then

(i) the local interaction strength is ≤1 (that is, ( ) ( ) ≤h n h h n, , 11 row col 
( ) ( ) ≤h n h h n, , 11 row col );

(ii) if the universal Turing machine halts on input n, the Hamiltonian 
H(n) is gapped with γ ≥ 1; and

(iii) if the universal Turing machine does not halt on input n, the 
Hamiltonian H(n) is gapless (that is, has continuous spectrum).

Theorem 1 implies that the spectral gap problem is algorithmically 
undecidable because the halting problem is. By a standard argument14 
algorithmic undecidability also implies axiomatic independence. Both 
forms of undecidability extend to other low-temperature properties 
of quantum systems, such as critical correlations in the ground state. 
In fact, our method allows us to prove undecidability of any physical 
property that distinguishes a Hamiltonian from a gapped system with 
unique, product ground state.

Hamiltonian construction
We first relate undecidability of the spectral gap to undecidability of 
another important physical quantity, the ground state energy density, 
which, for a 2D lattice, is given by λ= ( )/ρ

→∞
E H Llim [ ]

L
L0

2 . We then  
transform the halting problem into a question about ground state 
energy densities.

Reducing the ground state energy density problem to the spectral 
gap problem requires two ingredients.

(1) It requires a translationally invariant Hamiltonian Hu(ϕ) on a 2D 
square lattice with local interactions hu(ϕ), whose ground state energy 
density is either strictly positive or tends to zero from below in the 
thermodynamic limit, depending on the value of an external parame-
ter ϕ; however, determining which case holds should be undecidable. 
Constructing such a Hamiltonian constitutes the main technical work 
of our result. (These properties of Hu(ϕ) are unaffected if we multiply 
hu(ϕ) by an arbitrary fixed rational number β, no matter how small.)

(2) It requires a gapless Hamiltonian Hd with translationally invariant 
local interactions hd and a ground state energy of zero. (Recall that by 
‘gapless’ we mean continuous spectrum above the ground state, not 
merely a vanishing spectral gap.) There are many well-known examples 
of such Hamiltonians, for example, that associated with the critical  
XY model1.

Given Hamiltonians with these properties, we construct a new trans-
lationally invariant Hamiltonian, with local interactions h(ϕ), that is 
gapped or gapless depending on the value of ϕ. The local Hilbert space 
of h(ϕ) is the tensor product of those of hu and hd together with one 
additional energy level: = | 〉⊕ ⊗H H H0 u d . We take the interaction 
h(i, j) between nearest-neighbour sites i and j to be

ϕ ϕ( ) = | 〉〈 | ⊗ ( −| 〉〈 |) + ( )⊗

+ ⊗
( )

( ) ( ) ( ) ( ) ( )

( ) ( )

! !

!

h h

h

0 0 0 0
1

i j i j i j i j

i j i j

,
u

,
d

,

u
,

d
,

The spectrum of the new Hamiltonian H is

ϕ= ( )+ ( )∪ ∪H H H Sspec {0} {spec spec } 2u d

with S ≥ 1 (see Supplementary Information for details). Recalling that 
we chose Hd to be gapless, we see immediately from equation (2) that if 
the ground state energy density of Hu tends to zero from below (so that 
λ0(Hu) <  0), then H(ϕ) is gapless; if Hu has a strictly positive ground 
state energy density (so that λ0(Hu) diverges to +∞), then it has a  
spectral gap ≥1, as required (see Fig. 2).

This construction is rather general: by choosing different hd, we 
obtain undecidability of any physical property that distinguishes a 
Hamiltonian from a gapped system with a unique product ground state.

Encoding computation in ground states
To construct the Hamiltonian Hu(ϕ), we encode the halting problem 
into the local interactions hu(ϕ) of the Hamiltonian. The halting prob-
lem concerns the dynamics of a classical system—a Turing machine. 
To relate it to the ground state energy density—a static property of a 
quantum system—we construct a Hamiltonian whose ground state 
encodes the entire history of the computation carried out by the Turing 

Figure 1 | Gapped and gapless systems. a, A gapped system has a unique 
ground state λ0(H) and a constant lower-bound γ on the spectral gap 
∆(H) = λ1 − λ0 in the thermodynamic limit. b, A gapless system has 
continuous spectrum λi(H) above the ground state in the thermodynamic 
limit.

Oi(H)

(H) ≥ JΔ
O1

O0
O0

a b
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Sección 2

Jugando en modo fácil: Overleaf
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Overleaf

Esta web nos ofrece un LATEX en el navegador.
Es como conducir un coche automático.

Figura: Interfaz de Overleaf

David Gómez-Castro (UAM) Curso de LATEX (Sesión 1) 2024-2025 12 / 32

https://www.overleaf.com/


Sección 3

¡Hola, Mundo! e ingredientes básicos
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El archivo mínimo

Los archivos de LATEX son archivos de texto (plano) con extension .tex.
La estructura es

Código
\documentclass{<style>}

% Configuracion del archivo

\begin{document}

% El texto

\end{document}

Estos documentos se “compilan” para conseguir un documento “con
formato”.
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El archivo ¡Hola, Mundo!

Creemos un archivo básico

Código [hola-mundo.tex]
\documentclass{article}

\begin{document}

Hola, Mundo.

\end{document}
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Comentarios

Lo que venga después de % no se procesará como comandos o contenido,
si no como comentarios.

Código [hola-mundo-con-comentario.tex]
\documentclass{article}

\begin{document}

Hola, Mundo % Cruel.

\end{document}
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Errores y avisos
¿Qué pasa si comentemos un error?

Código
\documentclass{article}

\begin{documet}

Hola, Mundo.

\end{document}

Al compilar
! LaTeX Error: Missing \begin{document}.
Hay tres tipos de mensajes:

• Error normalmente no permitirá la compilación total o parcial.
• Warning que solo avisan de un posible mal funcionamiento.
• Info son cuestiones menores, que conviene revisar.
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Sección 4

Estructura del documento y principales elementos
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Cabecera y tipo de documento

En la cabecera introduciremos todo lo relativo a configuración

Código
\documentclass{<style>}

% Configuracion del archivo

\begin{document}

% El texto

\end{document}
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Tipo de documento

Aquí es donde decidimos que tipo de archivo latex queremos escribir, hay
diferentes tipos de documentos

<style>:
1 article Para artículos

cortos. Acepta partes,
secciones y subsecciones

2 book

Código
\documentclass{<style>}

% Configuracion del archivo

\begin{document}

% El texto

\end{document}
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Tipo de documento

Aquí es donde decidimos que tipo de archivo latex queremos escribir, hay
diferentes tipos de documentos

<style>:

1 article

2 book Para archivos más
extensos. Acepta partes,
capítulos, secciones,
subsecciones

Código
\documentclass{<style>}

% Configuracion del archivo

\begin{document}

% El texto

\end{document}
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El cuerpo

A partir de aquí escribiremos el texto

Todo lo que queramos
escribir.

Código
\documentclass{<style>}

% Configuracion del archivo

\begin{document}

% El texto

\end{document}
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Comandos y variables

Una herramienta fundamental en la escritura con LATEX
• <command> Nombre del

comando
• <opt> Argumento

optativo.
• <arg#> Argumento

obligatorio

Código (llamada a comando)
\<command>[<opt>]{<arg1>}{<arg2>}

Por ejemplo,

Código
Hola, \textbf{Mundo}.
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Entornos

Los entornos funcionan como comandos, pero nos permiten introducir
cantidades más largas de texto.

Algunos ejemplos son
• document: Es donde

introducimos el
documento

• equation: Para
introducir ecuaciones
numeradas

• emph: Para conseguir
textos en cursiva.

Código
\begin{<env>}[<opt>]

\end{<env>}
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Los paquetes
Por defecto LATEX no incluye demasiados comandos ni entornos. Podemos
añadir nuevas funcionalidades (comandos y entornos) incluyendo
paquetes.
Uno de los paquetes más usuales es el paquete matemático de la American
Mathematical Society (AMS): amsmath.

Código
\documentclass{article}

\usepackage{amsmath}

\begin{document}
\begin{equation}
\sum_{i=1}^3 a_i = 1.

\end{equation}
\end{document}

3∑

i=1

ai = 1. (1)
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Aspecto de un primer documento

Código [basico.tex]
\documentclass{article}

\usepackage[spanish]{babel}

\title{Mi trabajo a \LaTeX}
\author{Yo \\ Y mi amigo}
\date{\today}

\begin{document}

\maketitle

Este es el principio de mi trabajo.

\end{document}

Mi trabajo a LATEX

Yo
Y mi amigo

3 de julio de 2024

Este es el principio de mi trabajo.

1
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Sección 5

LATEX en local
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Descargar e instalar LATEX

Esta experiencia depende del sistema utilices: visita Latex project
• Windows: MikTeX
• Mac: MacTeX (o via homebrew)
• Linux: a través del gestor software nativo de terminal

• Debian/Ubuntu: sudo apt-get install texlive-full
• RedHat/Fedora: yum install texlive-scheme-full
• Suse: zypper install texlive-latex
• Arch: pacman -S texlive-most
• Otros: ¿en serio? ¿ninguno de los anteriores?. Te buscas la vida.
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Compilando en terminal

Navegar hasta la carpeta y escribir en terminal
$ pdflatex hola-mundo.tex

En archivos más complicados hay que ejecutar el código varias veces

David Gómez-Castro (UAM) Curso de LATEX (Sesión 1) 2024-2025 28 / 32



Diferentes compiladores

Hay diferentes opciones
1 pdflatex. El más habitual. Genera un archivo .pdf

2 latex. El más tradicional. Genera un archivo .dvi

3 XeLaTeX y LuaLaTeX soportan tipografías Truetype and OpenType.
Se usan a veces para documentos muy visuales.

David Gómez-Castro (UAM) Curso de LATEX (Sesión 1) 2024-2025 29 / 32



Editores locales

Un archivo .tex es archivo de texto “plano”. Se puede editar con cualquier
editor.
Algunos editores tienen funcionalidades avanzadas (compilación integrada,
synctex, visor de pdf...), que simplifican el trabajo

1 Visual Studio Code. Con la extensión Latex-workshop.
2 TeXWorks
3 LaTeX Workshop / TeXstudio
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Sección 6

Entrega de ejercicios
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Ejercicios a entregar

1 Instala LATEX en tu equipo personal
2 Crear el fichero semana01.tex que al compilar dé lugar a

semana01.pdf. El contenido del fichero debe ser tu nombre y apellidos
y unas breves líneas explicando cuál es tu motivación para seguir este
curso y para qué planeas utilizar LATEX.

David Gómez-Castro (UAM) Curso de LATEX (Sesión 1) 2024-2025 32 / 32


	Bienvenida a LaTeX
	Cuestiones prácticas
	Jugando en modo fácil: Overleaf
	¡Hola, Mundo! e ingredientes básicos
	Estructura del documento y principales elementos
	LaTeX en local
	Entrega de ejercicios


