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Aim

In this talk we study the limit problem

—Au. =f° Q.
Ba(us) S, (Ps)
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Outline

o Problem formulation

David Gémez-Castro (IMI-UCM) Critical homogenisation—perforated domains May 7, 2019


http://blogs.mat.ucm.es/dgcastro

The geometry

11

For a generic particle Go C Y = [~3, 5]", the geometry is given by

.............................. e ———nag
' ' ' ' ' '

Gf=ci+a.G, i€Z"

T.={iezZ": G cQ},

¢t = ¢,

€T,
Q°=Q\ G
se = a6
Figure: The domain €2.. e,

The relation between ¢ (periodicity scale) and a. (particle size) will be key.

Remark

A similar problem where particles are on a (n — 1)-dimensional manifold has also
been studied. See, e.g., Gmez, Lobo, Pérez, and Shaposhnikova [GLPS11].
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The particle scale factor a.

We will often consider
a. = Coe”.

This parameter links the size with the repetition:

Y= [
ey
Go GEHGU

The coefficient a will be key.
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Boundary condition

We will cover several different boundary conditions B.(u.):
@ Neumann-Robin: 2% + f(e)o(u.) = 0
@ Dirichlet: u, =0
@ Signorini:
(%5 + B()oo(ue))u: =0, G + B(e)oo(ue) 20 and  ue >0,

where o non-decreasing and ¢(0) = 0 (same for oy).
These three cases can be covered by the general formulation

- ¢ Bedo(u)

where o is a maximal monotone graph.

The Dirichlet case: The Signorini case:
0 u#0, 0 u<0,
o(u) =
R u=0. o(u) =< (—00,0] u=0,

oo(u) u>0.
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Weak formulation and bounds

For the Neumann problem we work on the functional setting We work on the
domain
1 1 Hl(Qs)
H*(Q.,00) = {u e CYQ.): u=0o0n 00} .

We define a weak solution of (P.) as:

u. € HY(Q.,0Q) such that

/ Vue - Vv—i—ﬁ(s)/ o(u:)v :/ fev (Wy)
Q. S. Q.
for all v € H1(Q., 0Q).
It is easy to see that, if o is nondecreasing o(0) = 0, then
IViellma.) < ClIFli2a.)

where C does not depend on ¢.
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Extension and limit

It is known that there exists a family of equicontinuous extension operators

P. : HY(Q.,09) — H}(Q), P.(w)| =w

By compactness P.(u.) — uin H}(Q).

The aim is to characterise u as the solution of a homogeneous problem (P).
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Outline

e The non-critical case
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Convergence of the averages

The homogenisation of the non-linear term for the subcritical cases is based on
the fact that

Let a. = Coe™ with 1 < o < ;25 and W'P(Q) 3 ve — v in LP(Q). Then

n—

1 1
@/vadHn_lﬁﬁ/vdx
S. Q
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The coefficient 5(¢)

Going back we want fs to behave in the limit of (W,), we need to have

Beé

|5|

=

First, we estimate the number of holes | T.]|.

Q- U(Ej+EY) =0, = |T¢| ~e™
Jj€Te

Therefore

1S:| = | | Ge + 2:0Go)

JETe

we define

Often B(e) = 7.

,8*(5) ~ 6nal n en—a(n—l).

If B(e) < B*(e) reaction vanishes.
If B(g) > B*(e) the reaction is dominating. The limit is o(u) = 0.
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The sub-critical cases: historial overview

This problem has been extensively studied in the 20th and 21th centuries.
Letting n > 3, a. = Cpe® and B(e) = " (—1);

@ The case a. ~ ¢ (@ = 1) was studied

o In the Dirichlet case by Cioranescu and Saint Jean Paulin [CS79]:
~V - (AVu) = f

Matrix A° is usually called “effective diffusion” matrix.
o In the Neumann case by Cioranescu and Donato [CD88al:

—V - (A°Vu) + Co(u) = f

@ Thecasee > a. > af =e"0"2) (1< a<
o In the Dirichlet case by Hruslov [Hru72]
o For Neumann case by Conca and Donato [CD88b]:

—Au+ Co(u)="f

—15) was studied
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Super-critical case

The question is: does the same behaviour hold for & > n/(n — 2) and we need a
better technique?

No, it is relatively simple to study the case a. = Cpe® < af = &"/("=2) (a > )
(see, e.g. Zubova and Shaposhnikova [ZS13])

the reaction term vanishes even for the correct scaling:

—Au="f

David Gémez-Castro (IMI-UCM)

Critical homogenisation—perforated domains May 7, 2019 11/23


http://blogs.mat.ucm.es/dgcastro

Outline

e Critical case
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The critical case: a “terme étrange venu d'ailleurs”

The surprising case is that of a. = Cpe™/("=2);
@ For the Neumann problem with o(u) = 0 by Marchenko and Hruslov [MH74]

@ For the Dirichlet problem by Cioranescu and Murat [CM82a; CM82b; CM97]
who got
—Au+du=f

this strange term comes out of the homogeneous Dirichlet condition.

@ For o smooth, n =3 and Gy a ball Goncharenko [Gon97] proved by

-convergence

—Au+ CH(u)=f
where H (different from o(u)) is a solution of a functional equation of the
form
CoH(u) = o(u — H(u)), VueR.

Later studied in n > 3 by Oleinik, Shaposhnikova, Zubova, Podolskii, etc...

@ The Signorini problem by Jager, Neuss-Radu, and Shaposhnikova [JNS14]:

AU u<0

Hu) = Ho(u) u>0’

CoHo(u) = oo(u — Ho(u))
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Goncharenko’s strange term is smooth

Taking a derivative in the equation

CoH(u) = o(u—H(u)), VueR
we obtain

CoH'(u) = o' (u — H(u))(1 — H'(u))

Hence
_o'(u— H@)
Cp+o'(u— H(u))

Therefore, H is non-decreasing and Lipschitz of constant at most 1.

H'(u) € [0,1].
This property is preserved also for the Signorini case.

The appearance of an “strange terms” satisfying similar equations is true for
different critical-size homogenisation problems (book in preparation).

Since H is problem —Au+ CH(u) = f is somewhat better in some contexts, e.g.
Chemical Engineering (effectiveness).
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Outline

e Maximal monotone graphs on balls
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Homogenisation with maximal monotone graphs

The main result of this section is that, for 1 < p < n, a. = Goe®, v = n/(n — p)
and Gy a ball, one can study the limit of solutions of problem

—Apu. =f Q.,
—|Vu P2V, -n e pe)o(u:) S, (Pe)
u- =20 09,

where B(g) = e=P=1) = ¢=7. The limit is the solution of

P
u=~0 02 (P)

)

{—Apu + AoH(u)|P2H(u) = f Q,

where H : Dom(H) C R — R is a non-decreasing continuous? and the unique
solution of

Bo|H(u)|P~2H(u) € o(u — H(u)), YVu € Dom(H). (H)

This is the main result in [DGPS19]. The precise values of the constants are

2For p = 2 it is Lipschitz of constant 1
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Maximal monotone graphs and convexity

e A graph 0 : R — P(R) is called monotone if

(E—n)(x—y)=0, Vx,yeR eca(x),nea(y).

It is called maximal if there is no other monotone graph ¢ such that o(x) C 7(x)
for all x € R.
e Given a convex smooth function we have

—x 2
W) = W) = W) = (W) + Wy -0+ V)

S V(X)(x =)
e Given a convex function W : R — (—o00, +00], we define the subdifferential
OW(x) ={£ e R:W(x) = V¥(y) <&(x —y)Vy € R}.

The subdifferential of a convex function is a maximal monotone operator.
e For every m.m.g. there exists a convex function W such that o = OV.
Formally W(s) = [; o(7)dT.
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Analysis of equation (H)

Let us go back to the equation

Bo|H(u)|[P~2H(u) € o(u— H(u)), Yu € Dom(H). (H)
In the examples
The Dirichlet case: The Signorini case:
0 wu#0, 0 u<0,
o(u) =
R wu=0. o(u) = (=00,0] u=0,

) oo(u) u>0.
In order to have a solution of (H) we

need that o(u — H(u)) # 0. Similarly, we recover the result by

[IJNS14].
Therefore H(u) = u.

We extend the celebrated result by
Cioranescu and Murat [CM97]:

—Apu + A0|U‘p_2U =f.
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|dea of the proof

Definition of solution. Let us start by o : R — P(R) be a maximal monotone
graph. Then there exists ¥ : R — (—o0, +00] convex such that o = 9V.

We define the energy functional over W1P(Q.,09) as

1 p c V) — i , 1
(v) = o L s [vw - [ st s
+o00

otherwise.
and the solution u, is defined as its unique minimizer.

Inequality formulation. It can be shown using monotonicity
(see Brézis and Sibony [BS71] or Lions [Lio69]) that u. satisfies

/QE IVv[P7*Vv - V(v — u)dx +e77 /.sg(W(V) - W(u.))dS > /QE f(v — u.)dx.

for all v € WLP(Q.,00Q).
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|dea of the proof

Trading the boundary term. We extend Tartar's idea of the oscillating test
functions (see Tartar [Tarl0]).
Following the ideas in [OS96] we construct the auxiliary function

Apwl =0 xE€ Tg\a, wl, xeTI\G,jeT,;
wi=1 xedG, W.=({1 x€G, ,
wi=0  xedTl 0, xeR"\ U T

€ € JET.

and we use v. = v — H(v)W; as a test function.

Since Gp is a ball, and explicit formula can be obtained:

Wi = PG g @)
(Coso) ot = (/4)
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|dea of the proof

Trading the critical-size boundary

Let v. = v — hW,. Then

sh—>o - sllno (he+hethe)

m /|va|”72VvE - V(ve — u:)dx
h.= / IVVP2Vv - V(v — ue)dx  he=—Ac Y / |h[P~2h(v — u.)dS,

Q. J€Te i

h.=—c""B / |h|P~2h(v — h — u.)dS
Ss

where A. is a known bounded sequence. Constants come from 9,w..
Each term plays a role in the limit:

©Q /1 gives the limit diffusion

@ |- can be used, assuming (H), to cancel out the integral over S. in the weak
formulation. We use convexity: W(b) — W(a) < &(b — a) for any & € o(b).

© /3. gives the “strange term”.
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Outline

© General shapes with smooth nonlinearities
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General shapes

The case of general shape of hole Gy was studied by
Diaz, GC, Shaposhnikova and Zubova [DGSZ17]
(for the linear case with space dependent coefficients see [DGSZ19]).

We now consider the auxiliary function

—-A,w=0 if yeR"\ Gy,
Oy,w — Goo(u—w) =0, if yedGo,
w—0 as |y| — oo.

We define Hg, : R = R, for u € R, as the capacity-type term:

He,(u) := / 0y, W(y; Go,u)ds, = Co / o(u— w(y; Go,u))ds,.
6G0 aGU
Then

—Au. =1 Q. €
! =9 ~Au+ G ?Hg,(u) = f in Q.
Onu: + B(e)u. =0 S,
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|dea of the proof

Similarly to the previous case, we can rescale w

~Aw, =0 R"\ G,
Opw! — e Vo(u—w)=0 0G!
wl =0 |x| = 400

with the property

—1lim > / (auwg(x; Go,¢(Pg))) he(x)ds = Co2 / H(6(x)) h(x) dx.

e—0 :
JG’T.E(:_)-,—J'é Q
3

In order to trade the integral S, into balls of radius € we use the auxiliary test
functions:

Awi =0 if xe T\ G,
Opw —eVo(u—wl)=0 if xcdG,
wl =0 ifxean%',

and with the property w. — wJ — 0 with adequate estimates.
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Extensions and open problems

Extensions (in preparation)
@ The parabolic problem can be studied in a similar way.

@ Critical case with dynamical boundary condition 0;u + d,u + o(u:) = 0 on
0f). This yields a strange term H solving a nonlinear ODE.

Open problems
@ General shapes for p = 2 and maximal monotone graphs.
@ Case of general shapes and p # 2.
@ Data f € L}(Q)

@ Homogenisation of stochastic problem: either stochastic data, or stochastic
domain
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Thank you for you attention.

David Gémez-Castro (IMI-UCM) Critical homogenisation—perforated domains May 7, 2019 23/23


http://blogs.mat.ucm.es/dgcastro

References |

[BS71]

[CMO7]

[CM82a]

[CM82b]

[CD88a]

H. Brézis and M. Sibony. “Equivalence de deux inéquations variationnelles et
applications”. In: Archive for Rational Mechanics and Analysis 41.4 (1971),
pp. 254-265. DOI: 10.1007/BF00250529.

D. Cioranescu and F. Murat. “A Strange Term Coming from Nowhere". In:
Topics in Mathematical Modelling of Composite Materials. Ed. by A. Cherkaev
and R. Kohn. New York: Springer Science+Business Media, LLC, 1997,

pp. 45-94.

D. Cioranescu and F. Murat. “Un terme étrange venu d'ailleurs”. In: Nonlinear
partial differential equations and their applications. Collége de France Seminar,
Vol. Il (Paris, 1979/1980). Vol. 60. Res. Notes in Math. Pitman, Boston,
Mass.-London, 1982, pp. 98-138, 389-390.

D. Cioranescu and F. Murat. “Un terme étrange venu d'ailleurs. I1". In:
Nonlinear partial differential equations and their applications. Collége de France
Seminar, Vol. Il (Paris, 1980/1981). Vol. 70. Res. Notes in Math. Pitman,
Boston, Mass.-London, 1982, pp. 154-178, 425-426.

D. Cioranescu and P. Donato. “Homogénéisation du probleme de Neumann non
homogene dans des ouverts perforés”. In: Asymptotic Analysis 1 (1988),
pp. 115-138. poI: 10.3233/ASY-1988-1203.


https://doi.org/10.1007/BF00250529
https://doi.org/10.3233/ASY-1988-1203

References |l

[CS79]

[CD88b]

[DGSZ17]

[DGSZ19]

[DGPS19]

D. Cioranescu and J. Saint Jean Paulin. “Homogenization in open sets with
holes”. In: Journal of Mathematical Analysis and Applications 71.2 (1979),
pp. 590-607. DOI: http://dx.doi.org/10.1016/0022-247X(79)90211-7.

C. Conca and P. Donato. “Non-homogeneous Neumann problems in domains
with small holes”. In: Modélisation Mathématique et Analyse Numérique 22.4
(1988), pp. 561-607.

J. I. Diaz, D. Gémez-Castro, T. A. Shaposhnikova, and M. N. Zubova. “Change
of homogenized absorption term in diffusion processes with reaction on the
boundary of periodically distributed asymmetric particles of critical size”. In:
Electronic Journal of Differential Equations 2017 (2017).

J. I. Diaz, D. Gémez-Castro, T. A. Shaposhnikova, and M. N. Zubova.
“Classification of homogenized limits of diffusion problems with spatially
dependent reaction over critical-size particles”. In: Applicable Analysis 98.1-2
(2019), pp. 232-255. DOT: 10.1080/00036811.2018.1441997.

J. I. Diaz, D. Gémez-Castro, A. V. Podol’skii, and T. A. Shaposhnikova.
“Characterizing the strange term in critical size homogenization: Quasilinear
equations with a general microscopic boundary condition”. In: Advances in
Nonlinear Analysis 8.1 (2019), pp. 679-693. DOI: 10.1515/anona-2017-0140.


https://doi.org/http://dx.doi.org/10.1016/0022-247X(79)90211-7
https://doi.org/10.1080/00036811.2018.1441997
https://doi.org/10.1515/anona-2017-0140

References 1|

[GLPS11]

[Gon97]

[Hru72]

[JNS14]

[Lio69]

[MH74]

D. Gémez, M. Lobo, M. E. Pérez, and T. A. Shaposhnikova. “Averaging in
variational inequalities with nonlinear restrictions along manifolds”. In: Comptes
Rendus Mécanique 339.6 (2011), pp. 406-410.

M. V. Goncharenko. “Asymptotic behavior of the third boundary-value problem
in domains with fine-grained boundaries”. In: Proceedings of the Conference
“Homogenization and Applications to Material Sciences” (Nice, 1995). Ed. by
A. Damlamian. GAKUTO. Tokyo: Gakké&tosho, 1997, pp. 203—-213.

E. J. Hruslov. “The Method of Orthogonal Projections and the Dirichlet
Problem in Domains With a Fine-Grained Boundary”. In: Mathematics of the
USSR-Sbornik 17.1 (1972), p. 37. por: 10.1070/SM1972v017n01ABEH001490.

W. Jager, M. Neuss-Radu, and T. A. Shaposhnikova. “Homogenization of a
variational inequality for the Laplace operator with nonlinear restriction for the
flux on the interior boundary of a perforated domain”. In: Nonlinear Analysis:
Real World Applications 15.0 (2014), pp. 367-380. DOI:

10.1016/j .nonrwa.2012.01.027.

J. L. Lions. Quelques Méthodes de Résolution pour les Problémes aux Limites
non Linéaires. Paris: Dunod, 1969.

V. A. Marchenko and E. Y. Hruslov. “"Boundary-value problems with
fine-grained boundary"”. In: Matematicheskii Sbornik 107.3 (1974), pp. 458-472.


https://doi.org/10.1070/SM1972v017n01ABEH001490
https://doi.org/10.1016/j.nonrwa.2012.01.027

References IV

[0596]

[Tar10]

[Z513]

O. A. Oleinik and T. A. Shaposhnikova. “On the homogenization of the
{Poisson} equation in partially perforated domains with arbitrary density of
cavities and mixed type conditions on their boundary”. In: Atti della Accademia
Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e Naturali.
Rendiconti Lincei. Matematica e Applicazioni 7.3 (1996), pp. 129-146.

L. Tartar. The General Theory of Homogenization. \Vol. 7. Lecture Notes of the
Unione Matematica ltaliana. Berlin, Heidelberg: Springer Berlin Heidelberg,
2010. por: 10.1007/978-3-642-05195-1. arXiv: 1011.1669v3.

M. N. Zubova and T. A. Shaposhnikova. "“Averaging of boundary-value
problems for the Laplace operator in perforated domains with a nonlinear
boundary condition of the third type on the boundary of cavities”. In: Journal of
Mathematical Sciences 190.1 (2013), pp. 181-193.


https://doi.org/10.1007/978-3-642-05195-1
https://arxiv.org/abs/1011.1669v3

Precise constants

The constants involved are

n—p\°! n—p \°*
Ao = Cr P, By=(-"1"P_
’ (p—1> o ° (Co(p—l))
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